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An expression for the difference in Gibbs free energy between the superconducting and
normal states of a moderately small superconductor, in terms of ¢, the wave function
of the superconducting electrons, has been applied to experimental observations on the
transitions of tin whiskers (Bibby, Nabarro, McLachlan & Stephen, 1974, preceding
paper) and fails if the coefficient of the term in ¥/ is negative at the Landau critical
point. It is suggested that a term of order ¥® be incorporated, with a positive coefficient.
It is shown that this gives rise to a transition from the normal state to a superconducting
state with a finite value of ¥ at a point (H", T"), denoted the hypo-critical point since
it occurs at a lower field than does the Landau critical point. The phase boundary
describing this transition branches at a finite angle from that describing the second
order transition at lower fields, the ratio of these slopes, for a cylinder in parallel field,
being less than or equal to 1.32.

1. INTRODUCTION

The transition from the superconducting to the normal state of a moderately small specimen
in a longitudinal magnetic field /7 may be thermodynamically of second order if it occurs suffi-
ciently close to the critical temperature T¢ (Silin 1951; Ginzburg 1958). Bibby et al. (1974) (here-
after B.N.M.S.) examined the change from a second order to a first order transition both theo-.
retically and experimentally. They predicted that the change should occur at a critical point
of the type discussed by Landau (1935). The supercooling curve in the (H, T') plane for the first
order region should be the prolongation of the equilibrium transition curve for the second order
region, while the thermodynamic equilibrium transition curve for the first order region should
branch tangentially from this curve. The first prediction was verified experimentally. The second
was not; the two transition curves meet at a finite angle.

B.N.M.S. assumed that their samples were small enough for the Ginzburg-Landau super-
conducting wave function ¥ to be uniform throughout the sample, and took ¢ to be real. They
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344 F.R.N.NABARRO AND B.ROTHBERG BIBBY

expressed the cxcess G of the free energy per unit volume over that of the normal state by

G = — Ay + §By+ 0P8, (1.1)
where d=a—-a,H? B=b—bH?*
and C=c+c,H (1.2)

Here a, and b, arc the usual Ginzburg-Landau parameters, a, being assumed to be of the form
a(Te— T)|T, by and ¢, being assumed independent of temperature. The quantities a,, b, and ¢, arc
purely geometrical, and for a circular cylinder of radius r are proportional to r2, 74 and 76 respec-
tively. The coefficient ¢, was introduced in an attempt to produce a theory which was self-
consistent to order ¢ With the exception of the new material constant ¢;, all the coefficients
ay, ..., ¢y are known to be positive. B.N.M.S. give expcrimental and theorctical evidence that ¢,
is negative, and we write y = —¢ >0. (1.3)

B.N.M.S. show that, if ¢; < 0, C will necessarily be negative at the Landau critical point for
rather large samples. We now suggest that in this case the Landau critical point will be masked
by a branch point in the phase diagram which we call a hypo-critical point, because it occurs at
a magnetic field A" below that, H’, of the Landau critical point.

2., THEORY OF THE HYPO-CRITICAL POINT

We use the notation of B.N.M.S. When C < 0 at the Landau critical point, the Gibbs frce
energy G given by (1.1) becomes, at this point, G = —}|C}¥9%, and no stable equilibrium is
possible. Solutions are possible only if we add to the expression (1.1) a term L Dy8, with D > 0.
We note that the formulae of Brandt (1973) do indeed give D > 0 for H = 0 and T < T¢, and
we assume that D > 0 in the whole range T’ < T < T¢, while C < 0 in the same range. In the
spirit of a Landau approximation, we shall neglect the variation of D with A and T in this range.
Since we may be concerned with the case in which the condition C > 0 only just fails to be ful-
filled, we shall continue to take account of the variation of C with H. Then, in the normalization
of B.N.M.S., we have

1
8187 = ag(ht =) Y+ Jou( 1~ 12) Yo (= by + byt o B2ys ()
1 1
All the coefficients in this expression are positive. At the Landau critical point (which is no

longer a point of physical intcrest) there is a ‘strongly superconducting’ state with a minimum of
energy determined by the conditions 9g/0y? =0 and 4* = 8¢ = 1, lying at

Y2 = (byy —b105) /62D > 0, (2.2)

with g[8m = — (byy —by¢,)4/12b,63 D% < 0. (2.3)
We abbreviate (2.1) into the same form as (2.10) of B.N.M.S., namely

8|87 = — Ayt + y Byt + §CyY8 + {Dy/S. (2.4)

For suitable values of /& and d¢ the strongly superconducting state will be in thermodynamic
cquilibrium with the normal state. The conditions for this are

g=0, (25)

ogloy =0 (2.6)
and Y2 > 0. (2.7)
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We write these in the form
~A+ 3By +CYt+ 1Dyt = 0 (2.8)

and — A+ By + Cyt+ Dy = 0, (2.9)
and solve (2.8) and (2.9) simultaneously to obtain
Y? = (6 BC+81AD)/(27 BD — 8C?). (2.10)

Substituting this value of 12 in (2.8) or (2.9), we obtain the equation of the curve of equilibrium
between the normal state and the strongly superconducting state in the form:

324 ABCD — G4AC3 +729A2D? - 12 B2C?*+ 54 B3D = 0. (2.11)

There exists a field H” below H’ at which the normal state, the usual weakly superconducting
state and the strongly superconducting state are all in thermodynamic equilibrium. We call this
point (H”, T") the hypo-critical point. Since equilibrium between the normal and the weakly
superconducting states below the Landau critical point requires that A = 0 and B > 0, while we
have assumed that C < 0in this region, (2.11) reduces at this point to

2C? = 9BD, (2.12)
or 2(byy — byesh"2)2 = 9by by2D(1 —4"2). (2.13)

If we eliminate D between (2.10) and (2.12) and remember that A = 0 at the hypo-critical point,
we obtain at this point
Y2 =-3B/2C > 0. (2.14)

We discuss the solutions of (2.13) by means of figure 1, in which the parabola represents the term
on the left of the equation, independent of D, while the straight lines through the point 2% = 1
have slopes proportional to —D.

We first notice that there is a restriction on the coefficients in (2.1). The point 2 = 0, 8t = 0
must be the observed transition temperature in the absence of an applied field, so that the value
of g at this point must be positive for any value of * > 0. The condition for this is that

D > 2v2[9b,. (2.15)
\
-~

[}
~ !

| 1

0 9. b ! by " 2

b, be,

Ficure 1. Graphical solution of equation (2.13). The parabola is independent of the coeflicient D, while the
straight line passes through the fixed point (1, 0) with a negative slope proportional to D.
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But the condition that (2.13) should have a zero root in 4”2 is

D = 2y%[9,, (2.16)
the other root being . ,
k"% = (2bycy—byy) byy[bick. (2.17)
Provided that £"2 given by (2.17) is positive, 1.e. provided that b,y < 2b,¢,, this is the larger root
of (2.13), and increases with D. We note also that for very fine samples, where ¢, is very small, the
value of 4”2 given by (2.13) tends to the finite limit 1 — 2y2/96, D
By sketching (2.4) with4= 0,8 > 0,C <0and D > 0 we readﬂy see that any root of (2.12)
or (2.13) corresponds to a minimum of g(%), so that any positive root in "2 represents a stable
physical state, since the positive sign of 12 is assured by (2.14).
- The necessary and sufficient conditions for the existence of a hypo-critical point are thus

2b1¢4 > byy > bycy ‘ (2.18)
and (2.15), and the field 2" at the hypo-critical point lies in the range given by
L2 R > (20,05 —byy) by B33 N (2.19)

'We now look for possible intersections between the curve (2.11) and the thermodynamic
equilibrium curve in the first order region, (4.6) of B.N.M.S., which in our present notation
becomes

3B2% = 16AC. (2.20)
Eliminating A, we find that (2.11) and (2.17) intersect where
64C? = 243BD. . (2.21)
R superheating
H - EP
S /o strongly v
supercooling superconducting
H' S
" Q normal
H weakly
superconducting
T
] /jﬂ Tﬂ rI»

Ficure 2. The predicted phase diagram in the (H, T') plane, showing the second order transition branching into
supercooling, thermodynamic equilibrium and superheating curves at the Landau critical point $(7”, H’).
These boundaries are masked by the strongly superconducting state, which begins at Q(7”, H”). The phase

-boundary PQ between the normal and the strongly superconducting states branches from the second order
boundary T,Q at a slope which is 8 times the slope of the latter at the point Q.
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This is of the same form as (2.12) or (2.13), and can have no roots in the region of the ordinary
first order transition, where 42 > 1.

The phase diagram therefore takes the form of figure 2, the curve P@Q of (2.11) replacing the
curve RS of (4.6) of B.N.M.S.

We determine the slope of the curve of (2.11) at the hypo-critical point by setting, in analogy

with (4.10) of BN.M.S., :
B =h?+ed and Bt =h"+e (2.22)

and inserting these values into (2.11), expressing A, B, C and D in terms of 42 and 8¢ by compari-
son of (2.1) and (2.4). The terms independent of ¢ vanish because 4" is a root of (2.13). Using
(2.13) again to eliminate D, we find that the terms in ¢ vanish if

2a,(0— 1) (byy — bycyh"®)® = 3b,530(1 —1"2) [(byy — bycsh”®) — 2by65(1 —1"2)].  (2.23)

The strongly superconducting state is in equilibrium with the normal state when the weakly
superconducting state is thermodynamically unstable only if the phase diagram has the appear-
ance of figure 2. This requires that (6 — 1)/6 be positive. It follows from (2.23) that (0 — 1)/0 has
the sign of (byy — 2b, ¢, -+ b,¢,7"%). The least value of this expression corresponds to the least value
of the physically significant root of (2.13), which is given by (2.19). Substituting this value, we find
that this last expression has a least value of (byy — by¢,) (2by¢5— byy)[by¢s, Which is positive on
account of the inequalities (2.18). We deduce that a hypo-critical point, at which the second
order transition between the normal and the weakly superconducting state gives way abruptly
to a first order transition between the normal and the strongly superconducting state, should be
experimentally realizable. We assume that transitions between the weakly and the strongly
superconducting states will occur without observable hysteresis, since the phase of ¥ is already
established.

We may investigate the slope 0 of the first order transition curve at the hypo-critical point by

rewriting (2.23) in the form

(0—1)[0 = (3b3[2ay¢,) (z — 227), (2.24)
where

z=bycy(1—h"%)[(byy — bycsh"?). (2.25)

As /"2 increases from the minimum to the maximum value allowed by (2.19), z decreases from
1—by¢y/byy to 0. The function (6 —1)/0 has its greatest value, and so 0 has its greatest value,
when z = . Since 2”2 must satisfy (2.13), this greatest value will only be achieved if D has the
‘particular value 32¢,(b,y — b, ¢,) [2763. The greatest possible slope 0, is given by

(0m - 1)/0m = 352/16‘1262,

which is the same equation as that determining the slope of the first order curve at a Landau
critical point. A slope ofless than 6,, = 1.32 will indicate that the branch point is of hypo-critical
rather than of Landau type.

3. COMPARISON WITH EXPERIMENT

We compare the predictions of this theory first with established experimental data, and then
with the results of B.N.M.S.

Tunnelling experiments might be expected to give direct evidence of the existence of a hypo-
critical point. The most detailed experiments seem to be those of Douglass (1961), who studied


http://rsta.royalsocietypublishing.org/

PN

s |

/

AL

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

I B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

348 F.R.N.NABARRO AND B. ROTHBERG BIBBY

thin films of aluminium in tangential magnetic fields at various temperatures. For films of thick-
ness A = 300nm and less he observed, in the available range of temperatures, only second order
transitions, the energy gap tending continuously to zero as the magnetic field was increased. For a
film 400 nm thick he observed only first order transitions, the value of A2(H.)[A2(H ~ 0) decreas-
ing from 0.8 at ¢ = 0.749 to about 0.18 at # = 0.965. The theory for a thin foil is not different in
essence from that for a thinrod (i.e. ay, b, and ¢, have the same signs), and Douglass fitted his points
to a curve appropriate to a Landau critical point, with A2(H) falling rapidly to zero as the tem-
perature is increased to the value at which d/A(T) = ,/5. Douglass assumed Ay, = 50 nm, so
d[2A,y ~ 4. For whisker no. 21 of BN.M.S., 7/Ay, ~ 10, and this whisker has C < 0. If we assume
that the quantity ¢,/b, has about the same (negative) value for aluminium as it appears to have
for tin, Douglass’s thickest foil should probably lie within the region of hypo-critical points. The
energy gap when % and 8¢ are just above their values at the hypo-critical point should then be
small and finite. The experimental points in the plot of 4%2(H.)[A%(H = 0) against d/A should then
continue along a line of roughly constant slope until A becomes somewhat greater than ,/5d,
and should then fall abruptly to 42 = 0. The observations fit such an interpretation quite as well
as they do Douglass’s theoretical curve for a Landau critical point, but they do not go to small
enough values of 42 to be decisive.

In the course of a long series of observations of the magnetic transition in thin films and foils,
Miller & Cody (1968) observed the transitions of ‘thick films’ in magnetic fields parallel to the
films. They expressed their results in terms of the ratio of the field /| at which hysteresis was
first observed to the critical field H. of a bulk sample at the same temperature, scaling . by
the factor 7; gumpre/Z¢, pune- Ginzburg-Landau theory predicts a change from a second order to a
first order transition at H,[H. = 2.2. The observed critical values of H,/H. were in the range
1.4-1.8. Since the ratio of the critical field of a thin sample to that of the bulk material is an
increasing function of temperature, this implies that Miller and Cody observed the onset of
hysteresis at lower temperatures and higher fields than those predicted by the Ginzburg-Landau
theory, which contradicts our interpretation that the onset of a first order transition occurs at
lower fields than that of the Landau critical point. Miller & Cody say: ‘Whether this is a real
deviation from theory or a lack of sensitivity is not clear.” Their films were polycrystalline and
probably inhomogeneously strained, with thermal transitions of ‘about 10-15mK’, and this
may well have delayed the onset of hysteresis. The total transition width for the samples of
B.N.M.S., when unstrained, was 2.5-4 mK.

In comparing the predictions of this theory with the observations of B.N.M.S., we note that
according to (2.22) we have

_ oA d(H|H") _ d(H[H")? 3.1)
d@)  d(Te-T7)[(Tc—-T1]  d[(Te=T)[(Tc—T")) '

since H?[(T,— T") = H"*|(T.— T"). The slope of the thermodynamic equilibrium curve in the
first order region is thus unaltered if // and 7 are normalized with respect to /" and 7" at a

%

hypo-critical point rather than with respect to H’ and 7" at a Landau critical point. The predic-
tion of the theory is that for a sample of such a size that C > 0 at the Landau critical point, the
observed transition occurs at a Landau point with 6 = 1. For a rather smaller sample, for which C
would be slightly negative at the Landau point, the observed transition is a hypo-critical point
with (H",T") ~ (H', T") and 6 ~ 1.32. For still smaller samples there is a hypo-critical point
with lower values of H” and ¢. The experiments show, for whisker no. 21 unstrained, 6 = 1.28,
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for whisker no. 21 at maximum strain, ¢ = 1.31, and for whisker no. P3 at 0.35 9, strain, ¢ = 1.63,
with estimated errors of + 0.1 for no. 21 and + 0.2 for no. P3. These two whiskers were of roughly
the same diameter. If the present theory is applicable, this diameter must be such that a hypo-
critical point occurs rather close to the cxpected position of the Landau critical point. Measure-
ments on whiskers of other diameters are technically difficult: thicker whiskers grown by the
‘squeeze’ method tend to have very irregular cross sections and to give blurred transitions, while
thinner whiskers become very difficult to mount in the straining device. It seems a curious and
worrying coincidence that the only observations which are available should show that C ~ 0
at the Landau critical point which is defined by 4 = 0 and B = 0.

We should like to thank Dr D.S. McLachlan of this Department for stimulating criticism,
Professor M. J. Skove for critically reading the manuscript and Dr A. T. Quintanilha for pointing
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